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1 Introduction

All graphs will be finite and undirected, without loops or multiple edges. If G is a
graph, V (G) denotes the set, and |G| the number, of vertices in G. Let N(x) denote
the neighborhood of a vertex x, and let 〈X〉 denote the subgraph of G induced by
X ⊆ V (G). Also let N(X) = ∪x∈XN(x) and N [X] = N(X) ∪ X. Denote by δ(G)
the minimal degree of vertices in G.

A set I ⊆ V (G) is called independent if no two vertices of I are adjacent. A set X
is called a dominating set if N [X] = V (G). We say that a vertex v ∈ V (G) dominates
a set X ⊆ V (G) if X ⊆ N [v]. An independent dominating set is a vertex subset that
is both independent and dominating, or equivalently, is maximal independent. The
independence number α(G) is the maximum cardinality of a (maximal) independent
set of G, and the independent domination number i(G) is the minimum cardinality
taken over all maximal independent sets of G. The domination number γ(G) is the
minimum cardinality of a dominating set of G, and the upper domination number
Γ(G) is the maximum cardinality taken over all minimal dominating sets of G.

For X ⊆ V (G) and x ∈ X, the set

PN(x, X) = PNG(x, X) = N [x]−N [X − {x}]

is called the private neighborhood of x. Note that x ∈ PN(x, X) if and only if x is
an isolated vertex in 〈X〉. It is well-known that a dominating set X is minimal if
and only if PN(x, X) 6= ∅ for any vertex x ∈ X.

If PN(x, X) = ∅, then x is said to be redundant in X. A set X containing
no redundant vertex is called irredundant. The irredundance number ir(G) is the
minimum cardinality taken over all maximal irredundant sets of G, and the upper
irredundance number IR(G) is the maximum cardinality of a (maximal) irredundant
set of G.

A graph G is called domination perfect (upper domination perfect, irredundance
perfect, upper irredundance perfect) if γ(H) = i(H) (Γ(H) = α(H), ir(H) = γ(H),
IR(H) = Γ(H), respectively), for every induced subgraph H of G. We will need
several results on the above classes of graphs.

The known characterization of domination perfect graphs in terms of 17 forbid-
den induced subgraphs [20] implies the following sufficient condition for a graph to
be domination perfect.

Theorem A If a graph G does not contain any of the graphs G2, G4, G6, G8, G10 in
Figure 1 as induced subgraphs, then G is domination perfect.

Favaron [7] conjectured that if a graph G does not contain three induced sub-
graphs, then G is irredundance perfect. This conjecture was proved by Volkmann
and Zverovich [18] and independently by Puech [15]:

Theorem B If a graph G does not contain any of the graphs G3, G4, G6 in Figure
1 as induced subgraphs, then G is irredundance perfect.
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Two vertex subsets A, B of a graph G independently match each other if A∩B =
∅, |A| = |B|, and all edges between A and B form a perfect matching in 〈A∪B〉. A
graph G of order 2k is called a W-graph if there is a partition V (G) = A ∪ B such
that A and B independently match each other. Clearly, |A| = |B| = k. The sets A
and B are called parts, and the graph G is denoted by G(A, B). A graph G is called
minimal upper domination imperfect if α(G) < Γ(G) and α(H) = Γ(H), for every
proper induced subgraph H of G. The properties of minimal upper domination
imperfect graphs proved in [21] are stated in Theorem C.

Theorem C If G is a minimal upper domination imperfect graph, then G = G(A, B)
is a connected W-graph of order 2k, δ(G) ≥ 2, and α(G) = k − 1.

The next result is due to Gutin and Zverovich [9].

Theorem D Any upper domination perfect graph is upper irredundance perfect.

A graph G is called k-locally well-dominated if for every induced subgraph H of
G there exists a set S ⊆ V (H) such that |S| ≤ k and each minimal dominating
set of H containing S is a minimum dominating set. A graph G is called k-locally
independent well-dominated if for every induced subgraph H of G there exists an
independent set S ⊆ V (H) such that |S| ≤ k and each (minimal) independent
dominating set of H containing S is a minimum independent dominating set. The
class of 1-locally (independent) well-dominated graphs will be referred to as locally
(independent) well-dominated graphs.

An investigation of k-locally (independent) well-dominated graphs is of particular
interest, since the (independent) domination number can be computed polynomially
for such graphs. The corresponding polynomial algorithms follow directly from the
above definitions. Other classes of graphs having a polynomial time algorithm for
calculating the domination and independent domination numbers can be found in
[1, 2, 3, 4, 5, 6, 8, 12, 14, 16, 17].

In this paper we present characterizations of locally well-dominated graphs and
locally independent well-dominated graphs, and a sufficient condition for a graph to
be k-locally independent well-dominated. Using these results and the above theo-
rems on domination perfect graphs and irredundance perfect graphs, we show that
the irredundance number, the domination number and the independent domination
number can be computed in polynomial time within several classes of graphs, e.g.,
the class of locally well-dominated graphs.

2 Locally Well-Dominated Graphs

The following theorem provides a characterization of locally well-dominated graphs.

Theorem 1 A graph G is a locally well-dominated graph if and only if G does not
contain any graph G1, G2, ..., G15 in Figure 1 as an induced subgraph.
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Proof: The necessity follows from the fact that the graphs G1, G2, ..., G15 are not
locally well-dominated. To prove the sufficiency, let G be a minimum counterex-
ample, i.e., G does not contain any of G1, G2, ..., G15 as an induced subgraph, G
is not locally well-dominated, and G has a minimum order. Let D be a minimum
dominating set of G, |D| = γ(G). Since G is not locally well-dominated and G
has a minimum order, it follows that for any vertex v ∈ V (G) there is a minimal
dominating set M such that v ∈ M and |M | > γ(G). If D = {d}, then D is the
unique minimal dominating set containing d, a contradiction. Hence γ(G) ≥ 2.
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FIGURE 1. Graphs G1 −G15.

Suppose that 〈PN(d,D)〉 is not a complete graph for any d ∈ D, and consider
different vertices c, d ∈ D, c′, c′′ ∈ PN(c, D), d′, d′′ ∈ PN(d,D) such that c′c′′ 6∈
E(G) and d′d′′ 6∈ E(G). It is easy to see that 〈{c, c′, c′′, d, d′, d′′}〉 is isomorphic to
one of the graphs G1, G2, ..., G10, a contradiction. Therefore, there exists x ∈ D such
that 〈PN(x, D)〉 is a complete graph. Denote X = PN(x, D)∪{x} which induces a
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complete graph, and consider the graph H = G−X. Since D−{x} is a dominating
set of H, we have γ(H) < γ(G).

We now show that an arbitrary vertex v ∈ V (H) is contained in some minimal
dominating set M∗ of H such that |M∗| > γ(H), thus proving the fact that H is
not locally well-dominated, contrary to the minimality of G. In the graph G there
is a minimal dominating set M containing v and such that |M | > γ(G). We have
PNG(u, M) 6= ∅ for any vertex u ∈ M . There are three cases to consider.

Case 1: |M ∩X| ≥ 2.
Denote M ′ = M − X. Let us show that X ∩ PNG(u, M) = ∅ for any u ∈ M .

Indeed, since 〈X〉 is a complete graph and |M ∩X| ≥ 2, we see that x 6∈ PNG(x, M)
for any x ∈ M ∩X. If x ∈ X −M , then x is adjacent to at least two vertices of the
set M ∩ X, and hence x cannot belong to any private neighborhood PNG(u, M).
Thus, for any vertex u ∈ M ′,

PNH(u, M ′) ⊇ PNG(u, M).

Moreover, the set F = V (H)−N [M ′] is not empty, since it contains vertices of the
sets PNG(x, M) 6= ∅ for x ∈ M ∩X.

We now prove that an arbitrary vertex f ∈ F does not dominate PNH(a, M ′)
for any a ∈ M ′. Suppose to the contrary that f dominates PNH(a, M ′). Since
f is not adjacent to a, we have a 6∈ PNH(a, M ′) and hence a is adjacent to b ∈
M ′. In the graph G, the vertex f dominates PNG(a, M) and f is adjacent to
x ∈ M ∩ X. Consider the graph T = 〈{a, a′, b, b′, x, f}〉, where a′ ∈ PNG(a, M)
and b′ ∈ PNG(b, M). The only edges undetermined are a′b′, b′f , ax and bx. If none
of them is present, then T is isomorphic to G3. If only one is present, then T is
isomorphic to G7 or G11. The presence of exactly two edges produces one of the
graphs G6, G12 or G13, while the presence of exactly three edges yields the graph G14.
At last, if all the above edges are present, then T is isomorphic to G15. Thus, the
graph T is isomorphic to one of the forbidden graphs G3, G6, G7, G11, G12,...,G15,
a contradiction. In fact, we have proved the following property.

Claim 1 Let T be a graph with the vertex set V (T ) = {ai : i = 1, 2, ..., 6} and such
that aiai+1 ∈ E(T ) for i = 1, 2, ..., 5 and a1a3, a1a6, a4a2, a4a6, a5a2, a5a3 6∈ E(T ).
Then T is isomorphic to one of the graphs G3, G6, G7, G11, G12,...,G15.

Let us show that the graph 〈F 〉 contains a maximal independent set J of car-
dinality at least |M ∩ X| − 1. If |M ∩ X| = 2, then we take an arbitrary max-
imal independent set J of F , |J | ≥ 1. Suppose that |M ∩ X| ≥ 3 and denote
PNx = PNG(x, M) for x ∈ M ∩X. We know that PNx ⊂ F for any x ∈ M ∩X.
Moreover, there is no edge between PNx and PNy for any x, y ∈ M ∩ X, for oth-
erwise, taking three vertices of the set M ∩X and three vertices from their private
neighborhoods, we have one of the forbidden graphs G12, G14, or G15. Now we can
easily construct a maximal independent set J of 〈F 〉 of cardinality at least |M ∩X|
by including in J one private neighbor of each vertex from M ∩X.
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The set M∗ = M ′ ∪ J is a dominating set of H and minimal, since each vertex
of H has a nonempty private neighborhood. We have

|M∗| = |M ′ ∪ J | ≥ |M ′|+ |M ∩X| − 1 = |M | − 1 ≥ γ(G) > γ(H).

Case 2: |M ∩X| = 1.
Denote M ′ = M−X. Since 〈X〉 is a complete graph, we have X∩PNG(u, M) = ∅

for any u ∈ M ′. Therefore, for any vertex u ∈ M ′,

PNH(u, M ′) ⊇ PNG(u, M).

Denote F = V (H) − N [M ′] and consider a maximal independent set J of 〈F 〉.
We put J = ∅ if F = ∅. In the same way as in Case 1 we can prove that an
arbitrary vertex f ∈ F does not dominate PNH(a, M ′) for any a ∈ M ′. Thus, the
set M∗ = M ′ ∪ J is a minimal dominating set of H and

|M∗| = |M ′ ∪ J | ≥ |M ′| = |M | − 1 ≥ γ(G) > γ(H).

Case 3: M ∩X = ∅.
If X contains no private neighborhood of a vertex from M , then M is a minimal

dominating set of H and |M | > γ(G) > γ(H). We therefore can assume that
X contains k ≥ 1 private neighborhoods PNG(ai, M), i = 1, 2, ..., k. Since ai 6∈
PNG(ai, M), we conclude that ai is not an isolated vertex in 〈M〉 for i = 1, 2, ..., k.

Suppose that k ≥ 3 and consider the graph 〈{a1, a2, a3, p1, p2, p3}〉, where pi ∈
PNG(ai, M), 1 ≤ i ≤ 3. This graph is isomorphic to G12, G14, or G15, unless the set
{a1, a2, a3} is independent. In the case {a1, a2, a3} is independent, there exist the
vertex a ∈ M adjacent to a1 and the vertex p ∈ PNG(a, M). By Claim 1, the graph
〈{p, a, a1, p1, p2, a2}〉 is isomorphic to one of the graphs G3, G6, G7, G11, G12,...G15,
a contradiction.

Consider the case k = 2 and suppose that at least one of the vertices a1, a2,
say the vertex a1, is adjacent to a ∈ M − {a1, a2}. Now, taking the vertex p ∈
PNG(a, M) and applying Claim 1 to the graph 〈{p, a, a1, p1, p2, a2}〉, we have one of
the forbidden graphs, a contradiction. Therefore, a1a2 is an isolated edge in 〈M〉.
We put M∗ = M − {a1} if v 6= a1, and M∗ = M − {a2} if v = a1. It is not difficult
to see that every vertex of M∗ has a nonempty private neighborhood in H and M∗

dominates H. Hence M∗ is a minimal dominating set of H, M∗ contains the vertex
v, and

|M∗| = |M | − 1 ≥ γ(G) > γ(H).

At last, suppose that k = 1. If v 6= a1, then M∗ = M − {a1} is a minimal
dominating set of H and |M∗| > γ(H). Assume that v = a1 and construct the set
M ′ = M − B, where B = N(a1) ∩M 6= ∅. Using the same argument as in Case 1
we see that an arbitrary vertex f ∈ V (H)−N [M ′] does not dominate PNH(a, M ′)
for any a ∈ M ′. Moreover, there is no edge between PNG(b1, M) and PNG(b2, M)
for any b1, b2 ∈ B, for otherwise there is a graph satisfying the conditions of Claim 1
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which produces a contradiction. Now we can easily construct a maximal independent
set J of 〈F 〉 of cardinality |J | ≥ |B|. The set M∗ = M ′∪J is a minimal dominating
set of H and

|M∗| = |M ′ ∪ J | ≥ |M ′|+ |B| = |M | > γ(G) > γ(H).

The proof of Theorem 1 is complete.

The next corollary follows directly from Theorem 1 and Theorems A and B.

Corollary 1 Any locally well-dominated graph is domination perfect and irredun-
dance perfect.

The definition of locally well-dominated graphs easily implies a polynomial time
algorithm for calculating the domination number for such graphs. By Corollary 1,
the same algorithm yields the independent domination number and the irredundance
number. It may be pointed out that the corresponding decision problems IRRE-
DUNDANT SET and DOMINATING SET are both NP-complete on the class of
irredundance perfect graphs [19], and the problems DOMINATING SET and IN-
DEPENDENT DOMINATING SET are both NP-complete on domination perfect
graphs [20].

Corollary 2 The parameters ir(G), γ(G) and i(G) for locally well-dominated graphs
can be computed in time O(|G|3).

Jacobson and Peters [10] showed that a number of known classes of graphs are
both upper domination and upper irredundance perfect, and noted that it is inter-
esting to find other classes having this property.

Corollary 3 Any locally well-dominated graph is upper domination perfect and up-
per irredundance perfect.

Proof: Suppose that the first statement is false and consider a minimal graph G
which is locally well-dominated and upper domination imperfect. It is evident that
G is a minimal upper domination imperfect graph. By Theorem C, G = G(A, B)
is a connected W-graph of order 2k, δ(G) ≥ 2, and α(G) = k − 1. By Theorem 1,
G does not contain any graph G1, G2, ..., G15 in Figure 1 as an induced subgraph.
Since δ(G) ≥ 2, the part A contains an edge a1a2. Let a1b1 and a2b2 be edges of the
perfect matching between the parts A and B.

Assume that one of the vertices b1 and b2, say b2, is adjacent to a vertex b3 ∈
B−{b1, b2}, and let b3a3 be the corresponding edge of the perfect matching. Applying
Claim 1 to the set {ai, bi : i = 1, 2, 3}, we see that the graph 〈{ai, bi : i = 1, 2, 3}〉 is
isomorphic to one of the graphs G3, G6, G7, G11, G12,...,G15, a contradiction. Hence
both b1 and b2 are not adjacent to any vertex of B − {b1, b2}. Taking into account
that δ(G) ≥ 2, we obtain b1b2 ∈ E(G). Thus, b1b2 is an isolated edge in 〈B〉.
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We know that α(G) = k − 1. Further, k ≥ 3, for otherwise α(G) = k, a
contradiction. Since G is a connected graph, one of the vertices a1 and a2, say a2, is
adjacent to a vertex a3 ∈ A−{a1, a2}, and let a3b3 be the corresponding edge of the
perfect matching. The only edge undetermined in the graph 〈{ai, bi : i = 1, 2, 3}〉 is
a1a3. Now, if a1 is not adjacent to a3, then 〈{ai, bi : i = 1, 2, 3}〉 is isomorphic to
G7, while if a1 is adjacent to a3, then 〈{ai, bi : i = 1, 2, 3}〉 is isomorphic to G12, a
contradiction. Thus, any locally well-dominated graph is upper domination perfect
and, by Theorem D, upper irredundance perfect.

We believe that the independence number (equal to both the upper domination
number and the upper irredundance number) for locally well-dominated graphs can
be computed in polynomial time. Other problems worth investigating are presented
below.

Conjecture 1 The class of k-locally well-dominated graphs for any k can be char-
acterized in terms of a finite number of forbidden induced subgraphs.

Problem 1 Characterize the class of 2-locally well-dominated graphs.

3 k-Locally Independent Well-Dominated Graphs

We say that a graph G belongs to the family Mk if G can be obtained by the
following procedure. Let H be a graph of order 2k having a perfect matching. We
subdivide each edge of the perfect matching P by a single vertex, i.e., each edge xizi

of P is replaced by the chain (xi, yi, zi). The resulting graph G belongs to Mk. The
next theorem provides a sufficient condition for a graph to be k-locally independent
well-dominated in terms of the above family.

Theorem 2 If a graph G does not contain any member of Mk+1 as an induced
subgraph, then G is a k-locally independent well-dominated graph.

Proof: Let G be a minimum counterexample, i.e., G does not contain any member
of Mk+1 as an induced subgraph, G is not a k-locally independent well-dominated
graph, and G has a minimum order.

Let D be a minimum independent dominating set of G, |D| = i(G). Since G
is not locally independent well-dominated and G has a minimum order, it follows
that for any independent set I ⊆ V (G), |I| ≤ k, there is an independent dominating
set M such that I ⊆ M and |M | > i(G). We have i(G) ≥ k + 1, for otherwise
|D| = i(G) ≤ k and D is not contained in a larger independent dominating set.
Consider the vertices y1, y2, ..., yk+1 ∈ D and their private neighborhoods PN(yi, D),
i = 1, 2, ..., k + 1. Note that yi ∈ PN(yi, D) for all i = 1, 2, ..., k + 1. Suppose for
every i = 1, 2, ..., k + 1 that 〈PN(yi, D)〉 is not a complete graph. Taking the
vertices yi and choosing two nonadjacent vertices xi, zi ∈ PN(yi, D)−{yi} for every
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i = 1, 2, ..., k + 1, we see that the graph 〈{xi, yi, zi : 1 ≤ i ≤ k + 1}〉 belongs to
the family Mk+1, contrary to the hypothesis. Therefore, without loss of generality,
PN(y1, D) induces a complete graph. Denote X = PN(y1, D) and consider the
graph H = G−X. Since D−{y1} is an independent dominating set of H, we have
i(H) < i(G).

Let us show that an arbitrary independent set I ⊆ V (H) of cardinality at most
k is contained in some independent dominating set M∗ of H such that |M∗| > i(H),
thus proving the fact that H is not locally independent well-dominated, contrary
to the minimality of G. In the graph G there is an independent dominating set M
containing I and such that |M | > i(G).

If M ∩X = ∅, then M is an independent dominating set of H and |M | > i(G) >
i(H). If M ∩ X 6= ∅, then |M ∩ X| = 1, since 〈X〉 is a complete graph. Denote
M ∩X = {x} and let J be a maximal independent set of F = 〈PNG(x, M) −X〉.
We put J = ∅ if F = ∅. It is not difficult to see that the set M∗ = (M − {x}) ∪ J
is an independent dominating set of H and

|M∗| = |(M − {x}) ∪ J | ≥ |M − {x}| = |M | − 1 ≥ i(G) > i(H).

The proof is complete.

For the case k = 1, Theorem 2 gives both sufficient and necessary conditions for
a graph to be locally independent well-dominated. This follows from the fact that
any graph of M2 is not locally independent well-dominated.

Corollary 4 A graph G is a locally independent well-dominated graph if and only
if G does not contain any graph G1, G3, G5, G6, G7, G9 in Figure 1 as an induced
subgraph.

The definition of k-locally independent well-dominated graphs and Theorem 2
imply a polynomial time algorithm for calculating the independent domination num-
ber within the class FIS(Mk), k ≥ 2, i.e., the class of graphs having no induced
subgraph from Mk.

Corollary 5 For a fixed k ≥ 2, the independent domination number within the
class FIS(Mk) can be computed in time O(|G|k+1). In particular, for k = 2, the
independent domination number within the class FIS(G1, G3, G5, G6, G7, G9) can be
computed in time O(|G|3).

Note that the decision problems DOMINATING SET and IRREDUNDANT
SET are both NP-complete on the class FIS(Mk) for any k ≥ 2, since this class
generalizes split graphs for which the problems are known to be NP-complete [11, 13].

Our last result is proved with the use of Theorem 2 and Theorems A and B.

Corollary 6 The parameters ir(G), γ(G) and i(G) within the class FIS(G1, ..., G4,
G6, ..., G10) can be computed in time O(|G|4).
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Proof: We firstly show that if a graph G does not contain any graph G1, ..., G4,
G6, ..., G10 as an induced subgraph, then G is a 2-locally independent well-dominated
graph. Suppose that G contains an induced subgraph H from M3. Let (xi, yi, zi),
i = 1, 2, 3, be the chains as in the definition of the family Mk. Since the graphs
G1, G3, G6, G7, G9 are forbidden as induced subgraphs, it follows that the graph
〈{xi, yi, zi, xj, yj, zj}〉 is isomorphic to C6 for any i, j ∈ {1, 2, 3}, i 6= j. Without loss
of generality, we may assume that x1x2, z1z2, x2x3, z2z3 ∈ E(H) . There are two
cases to consider. If x1z3, z1x3 ∈ E(H), then 〈{x1, x2, x3, z1, y2, y3}〉 is isomorphic to
G2, a contradiction. If x1x3, z1z3 ∈ E(H), then 〈{y1, z1, z2, y2, x2, x3}〉 is isomorphic
to G3, a contradiction. Therefore, by Theorem 2, the graph G is 2-locally inde-
pendent well-dominated, and the necessary algorithm for the IDS problem easily
follows. By Theorems A and B, ir(G) = γ(G) = i(G). The proof is complete.

We complete this section with the following problems.

Conjecture 2 The class of k-locally independent well-dominated graphs for any k
can be characterized in terms of a finite number of forbidden induced subgraphs.

Problem 2 Characterize the class of 2-locally independent well-dominated graphs.

Acknowledgment The authors thank the referees for valuable suggestions.
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