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Abstract

This working paper reports ongoing research into the simultaneous sequencing
and sizing of production lots on a set of parallel machines in the presence of sequence-
dependent setup times. A flexible mixed integer programming (MIP) model is pre-
sented which is optimally solvable only for very small instances. As an alternative, a
local search approach is discussed and outlined, making use at each search iteration
of an assignment patching algorithm to determine efficient sequences of setups, fol-
lowed by the dual simplex method to determine optimal lot sizes for that sequence.
A solution and varying-sized neighbourhood structure is proposed that will hopefully
permit the search to efficiently explore a wide range of solutions and yet eventually
home in on a good solution. Computational tests have yet to be carried out.

1 Introduction

The ongoing research reported here is concerned with the simultaneous sequencing and siz-
ing of production lots on a set of parallel machines when a sequence-dependent setup time
is incurred to change production between lots of different types. Production is organised
in lots in order to meet varying periodic demand under conditions of tight capacity. If lot
sequencing and sizing is badly planned and managed, then inventory will be larger than
necessary and, worse, setups times will consume scarce machine time, causing excessive
unmet demand and backorders.

Many companies face the challenges of managing setup times, particularly in industries
where capital investments in production capacity are large and product variety is diverse.
Simple approaches such as dispatching rules sometimes function well where the sequencing
of fixed-sized orders is concerned, but when the sizing of production lots is also part of
the planning decision, we are left to confront a very tough problem indeed.

Little research has been carried out into the problem, perhaps because it is so difficult
to solve optimally for anything other than very small sized instances. It is NP-hard, so
that it is very unlikely that an optimal solution method exists which is efficient for medium
sized problems upwards. Consequently, rather than pursue the fruitless goal of trying to
develop a fast optimal procedure, this research explores heuristic approaches that permit
the identification of good solutions in a reasonable amount of time. To the industrial
user, an optimal solution is an invisible yardstick whose value is not known. Furthermore



the often dubious quality of production data and frequent updating of demand forecasts
means that a supposedly optimal production plan would in fact be optimal for only one
sample point among many millions. A possible approach to overcoming this objection
might be a sophisticated stochastic model, but this would have impossible data needs,
requiring an knowledge of the probability distributions of the quality of production data
and demand forecasts. Instead of following such a hopelessly complex road, a more useful
approach would be the development of a lot sizing and sequencing method whose results
are generally good, robust and quickly obtainable for industrially sized problems. The
purpose of this research is to follow just such a path.

Previous research in this area is rare. A recent survey into lot-sizing [1] noted very few
papers that studied the problem of lot sequencing as well as sizing. The general problem
that interests us includes representation of setup times that are sequence-dependent and
permits multiple setups within a planning period. In addition, it does not require that all
or none of the production capacity on a machine be utilised within a period. As such, it is
related to the capacitated lot-sizing problem (CLSP) as defined in [1], although the CLSP
does not include sequencing decisions.

Clark & Clark [2] developed a mixed integer linear programming (MIP) model that
allowed an arbitrary number of setups in each period and showed how it could be simplified
when applied under a rolling horizon. The resulting model, presented below, was still only
practicable for small to medium sized problems, even when solved merely approximately
within a branch-and-bound search. It motivated the application of the more flexible
approach presented in this research where the sequencing of lots will be tackled through
local search rather than mixed integer programming. Once a sequence is defined, the
sizing of lots can be quickly optimised via linear programming.

2 A MIP Model for Lot Sizing and Sequencing

Our aim is to satisfy the demand for P products over the T' planning periods with minimal
backorders or inventory carried over from one period to the next. The products may be
manufactured in batches of varying size on any one of M machines in parallel to eachother.
A changeover from one product to another requires a setup time during which the machine
cannot process any products. The machines are not identical and may have different rates
of production and setup times. There is no restriction on the number of setups in each
planning period, but since it makes no sense to produce a product in more than one batch
on the same machine in the same period, there will in practice be at most one setup per
product per period and so we can limit the number of setups on machine to P per period.

Suppose we permit up to N < P setups per period on each machine. Then a MIP
formulation of the problem is:

Model MIP:
minimise
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where the decision variables are:

1 if the nth setup on machine m in period t is from product
T 1 to product j
0 otherwise.

xp ., = Quantity of product i produced between the nth and n + 1th
setups on machine m in period ¢. (It is non-zero only if the nth
setup on machine m is to product 7)

IZT; = Stock of product i at the end of period t.
I, = backlog of product ¢ at the end of period ¢.

The parameters and data inputs are:

di# = Demand for product i at the end of period t.
A+ = Available time on machine m in period t¢.
sijm = Time needed to setup from product ¢ to product j on machine m.

U;m = Time needed to produce one unit of product ¢ on machine m.

h; = Cost of holding one unit of product i from one period to the next.

gi = Penalty cost of a carrying over a backorder of one unit of product
1 from one period to the next.

Jom = The product produced on machine m at the end of period 0,
i.e., the starting setup configuration on machine m.

(10)
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is an upper bound on 7. ., since all backlogs and future production of product 7 might in

theory be produced on machine m.

Note that, unlike many formulations in the literature, model MIP allows backlogs. To
prohibit them is unrealistic - many companies face occasional or frequent capacity over-
loads and they often have no immediate choice but to backlog demand. The question of
what penalties g; should be allocated to backlogs can only be answered for each individual
context, depending on market conditions and the importance of the customers for par-
ticular product. Since the value of such penalties will partly be based on judgement and
imprecise information, there is little added value in investing the often huge extra effort
needed to solve the model optimally rather than approximately. Only holding and backlog
penalty costs are included in the objective function (1) since these are our major concerns.
We assume that the total costs of the provision of the production capacity A,,: are fixed
and do not depend on the production decision variables x7;,, and y;5,,,. Additional setup
and direct production costs are not included in the objective function as they are likely
to vary little or be negligible in comparison to the penalty costs of the additional back-
logs provoked by the lost machine time that an inefficient sequence of setups would cause.
However, if need be, such costs can be incorporated into the objective function without dif-
ficulty by the inclusion of a term such as 3, , , [Ez SetupCostijmy;jme + U nitCostjmx?’mt}

Constraints (2) are the standard equations linking inventory, production and demand
while constraints (3) represent the limited availability of capacity. Note that since the
machine time capacity parameter A,,t is indexed on £, the production periods ¢ in the
model may be of different lengths. For example, weekend working may be combined into
a single planning period.

Constraints (4) to (7) ensure that a setup on a machine must and may only occur
between a single pair of products, possibly both the same product, and that if a certain
product is changed to, then it must be changed from in the following setup. The equals
sign =, rather than the < sign, is necessary in constraints (4) to (7) so that we always
know for which product a machine is configured, especially when it is not producing. Thus
the combination y7;,,, = 1 and z7;,, = 0 must be allowed. Note that constraints (4) to (7)
require that for each triple (n,m,t) there is exactly one pair (¢, j) for which Yiime = 1, L.,
there must be precisely N setups in each period on each machine, even if a setup y;,,, = 1
is just from a product ¢ to itself. Since a setup time s;;,, from a product ¢ to itself is zero,
the model does not force a machine to have exactly N positive-time setups but rather up
to N such setups. The remaining zero-time setups are modelling phantoms and do not
exist in reality.

Constraints (8) ensure that there must be a setup if a product is produced on a machine
in a period, even if it is just a phantom one from a product to itself.

The first setup in a period on a machine must occur at the beginning of the period,
but the subsequent N-1 setups may occur at any time within the period. If the constraints
Yhmy = 1V i,m,t and yjl-imt =0V i,m,j|i#j are imposed, then model MIP is restricted
to just -1 setups per period, but these may occur at any time within the period. Thus
the model is related to (and more general than) the proportional lot-sizing and scheduling
problem (PLSP) which allows the single permitted setup in each period to occur at any



time within the period, if at all [3, 1]. Model MIP does not, however, permit a setup to
begin in one period and finish in the next, so it is not totally flexible.

In [2] it was shown that there are limits to the size of problem that model MIP can solve
in practical time. A limit on the time spent searching for a solution can be imposed, an
approach which is easy to implement in most MIP solvers, but the computational results
suggested that for medium to large problems impractical amounts of time will be spent
just identifying a feasible solution.

3 A Local Search Approach to Lot Sizing and Sequencing

An alternative approach is to use a solution method where lot sequencing is solved by
local search [4] and lot-sizing by linear programming (LP). This means that a local search
solution is uniquely identified by a sequence of a subset of distinct numbers from the set
1,..., P for each pair (m,t) of machines and periods. The optimal lot-sizes associated
with a given setup sequence {y}%,,,; V i, j,m,n,t} obeying constraints (4) to (7) are found
by solving the following LP:

Model LotSizes:
minimise
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. > 0 if type ¢ must be setup on machine m in period ¢
MY — (0 otherwise.

Thus, between successive sequences in a local search, the LP will retain the same
objective function, but the right hand sides of only some constraints will change and, in
addition, the upper bounds of some x;,; variables will have to be set to zero or infinity.
This means that objective function updating between successive sequences in a local search
can be done (quickly we hope) by reoptimising the LP using the dual simplex method.

Furthermore, on each machine there will in practice be at most one setup per product
per period and so we can limit the number of setups on a machine to P per period. Thus
for a given machine-period pair (m,t) and unordered subset B,,; of all P products, we
can minimise the value of the total time lost to setups:

> SigmYiime (16)
i7j7n

by an optimal sequencing of the setup times of the products in the subset. This will in
turn give the best possible value of the model LotSizes for the given pair (m,t) and subset
By:. Finding an optimal sequence of products to minimise expression (16) is equivalent to



solving an Asymmetric Travelling Salesman Problem (ATSP). This is only viable for very
small subsets of products if (16) is to be minimised many times (up to PT') at every local
search iteration. However, since we are focusing on finding good (rather than optimal)
solutions for model A, a fast ATSP heuristic may be used to minimise (16). The usual
symmetric TSP heuristics such as the k-opt [5] or the Lin-Kernughan [6] tour improvement
methods are not necessarily the best heuristics to use for the asymmetric TSP. Instead,
a fast procedure that gives good and often near-optimal results is to solve an assignment
problem and then use a patching heuristic to convert assignment subtours into a single
salesman tour [7, 8, 9].

If a machine m is already setup for producing type ig at the end of period ¢-1 and
must produce type jgg after the first setup of period t+1, then the assignment problem to
be solved is:

Model AP:
minimise
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where the assignment decision variables are:

1 if product 7 is assigned to product j, i.e., if there is
Zij = a setup from product ¢ product j
0 otherwise.

Thus at each local search iteration, an assignment patching algorithm is used to de-
termine efficient sequences of setups, followed by the dual simplex method to determine
optimal lot sizes for that sequence.

Solving just model AP (without applying the patching heuristic) would be fast and
could well provide a good approximate reflection of the optimal value of the ATSP optimal
solution that could be used in (15)

Various local search strategies such as Simulated Annealing [10, 11] and Tabu Search
[12] have been proposed to encourage a search not to get stuck in a local optimum, but
rather to get very near a global optimal solution, and often involve considerable tuning and
effort. However, is such precision appropriate in the messy world of production planning
and scheduling where the input data is often imprecise and upsets such as rush orders
or machine failure are common, necessitating frequent replanning ? A more useful out-
come would be a quickly-obtained solution of reasonable quality, especially for medium



to large sized problems where optimal seeking methods would take an impractically long
time to converge. What implications does this have for the use of local search and the
neighbourhood structure ?

At one extreme, a small structure would mean a very slow convergence rate, coupled
with the risk of getting trapped in a local optimum. At the other extreme, a very wide
ranging neighbourhood structure would lean in the direction of random sampling among
all possible solutions. Random sampling has the advantage that it would avoid entrapment
in a local optimum, but is possibly inefficient in identifying good solutions by nature of its
randomness. A very wide range of neighbours at the start of a local search might also to
some extent avoid the worst local optima, and could then be narrowed later in the search
to home in to a good local optimum. The challenge here is to find out how to do this
efficiently and map the trade-offs between quality of solution and speed of computation.

In order to start the local search with a large neighbourhood and then gradually reduce
it, we propose to generate a neighbour by carrying out a large number of random insertions
and deletions of products in the sets B;,;V (b,t). As the search progresses, we will slowly
reduce the number of such insertions and deletions. Specifically, the procedure is:

1. Identify a starting solution { B,V (m,t)}
2. Let N be a large integer.
3. Forn =1to N do
(a) Randomly select a pair (m,t).
(b

) Randomly choose whether the next change is an insertion or a deletion.
(c) If an insertion, then randomly select b ¢ By, and insert b into B,y,;.
)

(d) If a deletion, then randomly select b € B,,; and delete b from B,,;.
4. Solve model AP/ATSP and then model LotSizes.
5. Adopt and record the solution if it is the best so far.
6. Reduce N occasionally. Stop if you wish.
7. Go to step 3.

As there are MT sets By, each of maximum size P, all solutions are reachable if the search
is started with an initial value of N = PMT. A fast rate of reduction of N may well not
produce as good a final solution as a slower rate, but we cannot make firm statements
about this without further experimental investigation.

At the time of writing [February 2000], experimental tests are being designed to test
the comparative effectiveness of the following procedures:

1. Random Sampling of a set By, for each pair (m,t), to serve as a benchmark.
2. Biased Sampling of a set By,; for each pair (m,t).

3. Local Search among all possible solutions { B,,.¥ (m,t)} using the N random inser-
tions/deletions neighbourhood structure described above, with varying intial values
and reduction rates of N.

4. Other Local Search procedures among all possible solutions { B,V (m,t)}.

The results will be reported in the future.
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