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Abstract. Many representationsave been presentdd enable the effective evolution of computer
programs. Turing waperhapsthe first to present a general scheme by which to achieve this end.
Significantly, Turing proposed a form of discrete dynamicatesy and yet dynamical representations
remain almost unexplored withgonventionalgenetic programminglhis paper presents results from an
initial investigation into usingimple dynamical genetic programmingpresentatios within aLearning
ClassifierSysem. It is shown possible to evolhensemble of dynamical Boolearfunction networksto
solveversions ofthe weltknown multiplexer problemBoth synchronous and asynchronous systems are

considered.
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INTRODUCTION

In 1948 Al an Turing produced a paper entitled Al nt el ||
evolutionary search as a possible means by which to program machines (e.g., see [Copelarat, &004] f
overview) In the same papef, ur i ng al so presented a formalism he t
which to represent intelligence within computers. These consisted of two typgpe Ainorganised

machines, which were composed of timput NAND gates randomly corected into networks (Figure

1); and, Btype unorganised machines which included an extra triplet of NAND gates on the arcs between

the NAND gates of Aype machines by which to affect their behaviour in a supervised ledikéng

scheme through the constaapplication of appropriate extra inputs to the network (Figure 2). In both

cases, each NAND gate node updates in parallel on a discrete time step with the output from each node

arriving at the input of the node(s) on each connection for the next #meTsdte structure of unorganised

machines is very much like an artificial neural network with recurrent connections and hence it is perhaps
surprising that Turing made no reference to McCull o
of binarythr es hol ded nodes. However, Turing6s scheme exte
also considered the training of such networks with hig architecture. This has led to their also being

knomn as WATur i ngo6 Copeam&rPeoudioot,dl6]. Mongovel, as dusher [2002] has
highlighted, Tur i ngdés wunorgani sed machines are (discrete)
have the potential to exhibit complex behaviour despite their construction from simple elekneumts

the same timas Turing was working on artificial intelligencetnh e 19406 s, John von Neum
with Stanislaw Ulam, developed the regular lattiesed discrete dynamical systems known as Cellular

Automata (CA) [von Neumann, 196@p explore sefreproduction That is, CAs are (traditionally)

discrete dynamical systems which exist on a graph of restricted connectivity but with potentially any

logical function at each node, whereas unorganised machines exist on a graph of potentially any
connectivitytopologybut with a restricted logical function at each notlee current work aims to expto

the potential for emergertomputationof such graptbased systemghrough the use of evolutionary

sear ch, what i s herein ter med IApagticularmmode @adynctlgoeyn et i ¢ pr
and operended, selhadaptive simulated evolution is utilizeth design ensemblesSince Btype

unorganised machines were introduced as a form of supervised learner they are not considéred here

only A-type machinesre explored



Figure 1: A-type unorganised machinertsisting of four tweinput NAND gates.

Figure 2: B-type unorganised machine consisting of four-imput NAND gates. Each connecting arc
contains a three NAND gate diinputesudhasSa and82canthe c hani sn

applied to affect overall behaviour, i.e., a form of supervised learning.



EVOLVING DISCRETE DYNAMICAL SYSTEMS

The most common form of discrete dynamical system is the Cellulamfatbnwhich consists of an

array ofcels where the cells exist in states from a finite set and update their states in parallel in discrete

time. Traditionally, each cell calculates its next state depending upon its current state and the states of its
closest neighbours. Packard [1988] wasfitst to use evolutionary computing techniques to design CAs

such that they exhibit a given emergent global behaviour. Following Packard, Mitchell et al. (e.g., [1993])

have investigated the use of a Genetic Algorithm (GA) [Holland, 1975] to learn tkeoful@iform one

di mensional , bi nary CAs. As in Packardés wor k, t he
each cell, candidate solutions being evaluated with regard to their degree of success for the given task

density and synchronizatio8apin et al. (e.g., [2003]) have used the approach to discover novel moving
structures fi g | | dvathirstwo-dimensional CAs. Andre et al. [1999] repehte Mi t c he |l | et al . o
evolving the treebased LISP ®xpressions oGeneticProgramming (GP) [Koa, 1992] to identifythe

update rules. They report similar results. Sipper (e.g., [1997]) presenteduaifanm, or heterogeneous,

approach to evolving CAs. Each cell of a eoetwo-dimensional CA is also viewed as a GA population

member, mating only ith its lattice neighbours and receiving an individual fithess. He shows an increase

in performance over Mi tchell et al .bd6s work by expl
tasks. More recently, a variation of this approach has been usedgtruct simple chemical logic gates

within a nonlinear reaction (e.g., [Toth et al., 2008Bence for twenty years it has been known that it is

possible to design emergent computation from a ghesed discrete dynamical system through

simulated evaltion. However, the types of computation produced in this way have been less than general

in the traditional programming sense. GP represents a way in which to use simulated evolution to design

programs in general and some synchronous dynamical programgteviously been evolved.

EVOLVING GRAPH -BASED PROGRAMS

A number of representations have been presented by which to enable the evolution of computer programs,
the most common bej treebased representations(e.g., [Cramer, 198HFujiki & Dickinson,
1987]Koza, 1989]. Other forms of Genetic Progreming usethe more traditional linear representation,

e.g., of machine codenstructions (e.g., [Friedberg, 1958ay, 1992][Banzhaf 1993]) or Boolean



expressions [Forsyth, 198 Nlost relevant to the formfdP to be explored in this paper is tiedatively

small amount of prior work on gragiased representationSogel et al. €.9.,[1965) were the first to

evolve grapkbasedsequentialprograms with their use dihite state machire The connection sticture

- as opposed to the connection weightsf artificial neural networks wafirst evolved by Dolan and Dyer

(e.q.,[1987). Teller and Velosob6s [1996] Aneur al progr ammi
nodes, each with functionaligefined in the standard GP wawith recursive connectioriacluded. Here

each nodeexecutesn synchronous parallelishmior some number of cycles before
is taken. Luke and Spector [1996] presented an indirect, or cellular, encoding sohentech to

produce graphs, as had been used to design artificial neural networkgXeugu & Whitley, 1993]), an

approach recently used to design both unorganised machines [Teuscher, 208a{oamata networks

with synchronously parallel nodes [Lesen & Powers, 2005]Poli [1997] presented &ery general

scheme wheir nodes are connected in a graph which is galaover a twedimensional grid. Later,
recurrentartificial neural networks wereedigned such that the nodes wsyachronously paralleke(g.,

[Pujol & Poli, 1999) andvariantsexistin which some nodes capdate more frequentipan othersqee

[Poli, 1999] for an overview)Miller (e.g.,[1999]) haspresented a grapbased representation scheme

originally designed to consider the harderamplementation of the evolved program wherein a-two

dimensional grid of sequentially updating, connected logic blocks is pedd@ther examples of

sequentially updating nodes include [Niehaus & Banzhaf, 2001]Hinaswaet al., 2001]Schmidt and

Lipson [2007] have recently demonstrated a numbdrenefits fromgraph encodings generalover

traditional trees, such as reduced bloat and increased computational efficieth¢yalvarlLopez [2008]

has highlighted how multiple, simultaneous outputspassible from graphs

The motivating idea behind this work is that Turing
more recent discrete dynamical systems research and evolutionary computing to create a flexible and

robust approach tthe automted design of emergent computatifor difficult problems. That is, it is

proposed that usingglfadaptivesimulated evolution to shamesynchronousomputer programs capable

of rich temporal behaviour in themselves will enable the effective controkdigbion of systems which

contain complex dynamic#t can also be nted that dynamical systems represgmtay in which to view

cognitionin generale.g., [Ashby, 1957Port & van Gelder, 1995])



EVOLVING UNORGANISED MACHINES

A-type unorganised machinéswve a finite number of possible states and they are deterministic, hence

such networks eventually fall into a basin of attractidnring [1948] was aware that his -fype

unorganised machinegould have periodic behaviour afné stated thasincethey represenfia b out t he
simplest model of a nervous system with a random arrangement of nieurong bafofwérydgreat

interest to find out something about their behaviou
change state per update keydor 100 randomly created networksach started from a random initial

configuration, for various numbers of nodésAs can be seen, the time taken to equilibriunyjgcally

around 1Qcycles with all nodes changing state on each cycle thereafter, sallating. For the smaller

networks (=5, N=50), some nodes remain unchanging at equilibrhowever; with smaller networks,

the probability of nodes being isolated is sufficient that the basin of attraction comtdéggee of node

stasigsee [TeuscheR002] for a similar study)
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Figure 3: Showing the average fraction of tvigput NAND gate nodes which change state per update

cycle of random Atype urorganised machinegith various numbers of nodés



Previously, Teuscher [2002] has explored the ofevolutionary computing to design bothtyje and
B-type unorganised machintmyether with new variants of the latter. In kis\plestencoding, an Aype
machine is representdny a string ofN pairs ofintegers eachintegerrepresenting the node mier
within the network from which thalAND gatenode receives an inputuring [1948] did not explicitly
demonstrate how inputs and outputs were to be detedhior Atype unorganised machiseTeuscher
[2002] used input nodes fot possible inputs,ach of whichreceive the external inponhly andare then
connected to any of the nodes within the netvamkisual connectionkle then allows fo© outputsfrom
anywhere within the networklhus his scheme deparBghtly f r o m T u r i-typg bnsrgaisenl r B
machines since Turing there showed thput nodes receiving the external input and an input from
arother nodewithin the network (Figure 2)Teuscheruses his own scheme for all of his work on
unorganised machingwhich may beviewed as directly adogousto specifyingthe source of inputs via

a terminal set in traditional trdeased GPThe significance of thiglifference is not explored here and

Turingds input scheme is used throughout.

Teuscheused a GA to desigsingle A-type unorganised nshinesfor bitstream regeneration tasks and
simple pattern classification. In tfiermer case, the size of the netwsrke., the number of nodes, was
increased by one after every 30,000 generations until a soluéisrfound. That jsan epochal approach

was exploited to tackle the issuerait knowing how complex an Aype unorganised machinll need

to be for a given tashkn this paper, parameter selflaptation is used to enable the solution size to emerge
during the course of evolution via a mutetioperator. Further, a Learning Classifier System (LCS)
[Holland, 1976] is used as the underlying architecture. In particular, LCS evolve an ensemble of solutions
to a given task(see [Drugowitsch, 2008] for discussions) wherein divisions of the prolgacesmerge

along with their solutionTo date, no temporally dynamic representation scheme has been used within
LCS. A number of representations have previously been presented beyond the traditional binary scheme
however, including integers [Wilspr200], real numbers [Wilson, 2000], Lisp-&xpressionge.g.,
[Ahluwalia & Bull, 1999]Lanzi & Perruccj 1999]) fuzzy logic [VenzueléRendon, 1991] and neural
networks [Bull, 2002]. Thus this paper also represents an initial study into the use of simpleforms
dynamical system within LCSHereafterA-type unorganised machines will be refertedoy the more

descriptive laberandom NAND mtworks (RNN) Following Turing and all of the above emtioned



previous researchsynchronous node updag is first consiéred together with the underlying

evolutionary design process

DYNAMICAL GP IN A LEARNING CLASSIFER SYSTEM

In this paper a version of the simple accurbaeged LCS termed YCS [Bull, 2085- which is a
derivative of Wil s eisigsed WBIXiSwitfioWinteraab memoryl éh® riajntains a

rulebase oP initially randomly created rules. Associated with each rule is a predicted payoff palae (

scalar which indicatestheerr@)( i n the rul ebés predicted payoff and
niches (action setssee below) in which that rule participate3.(The initial random population has these

parameters initialized, somewhat arbitrarily, to 10.

On receipt of a input message, the rulebase is scanned, and any rule whose condition matches the
message at each position is tagged as a member of the current match set [M]. An action is then chosen
from those proposed by the members of the match set and all rulesipgptiee selected action form an
action set [ A] . A version of XCSb6s explore/exploit
one cycle an action is chosen at random and on the following the action with the highest average payoff is

chosen detrministically.No learning occurs on exploit tridlsthey are simply used to indicate progress.

The simplest case of immediate payoff rewRrts considered here. Reinforcement in YCS consists of
updating the error, the niche size estimate and theratywffpestimate of each member of the current [A]

using the WidrowHoff delta rule with learning rate:

§Y g+b(IR-p|-€) (1)
Sj? Sj+b( |[A]| -Sj) (2)
pY p+b(R-p) 3)



The original YCS employs two discovery mechanisms, a panmictic (standard global) GA and a covering
operator. On each tirrgtep there is a probability of GA invocation. The GA uses roulette wheel

selection to determine two parent rules based on the inverse of their error:

fi=(1/¢"+1)) (4)

Here the exponent enables control of the fithess pressure within the system by facilitatirggbie

fitness separation under fitness proportionate selection (see [BullalZ00%liscussions). Offspring are
produced via mutation (probability) and crossover (single point with probability, inheriting the
parent sd par amet age if cvoasbverassinvoad. Reptaeement o existing members of

the rulebase uses roulette wheel selection based on estimated niche size. If no rules match on a given time
step, then a covering operator is used which creates a rule with the messageraititsn and a random

action, which then replaces an existing member of the rulebase in the usual way. Parameter updating and

the GA are not used on exploit trials.

In this paper, to aid the generalization process, the panmictic GA is altered to op#nat@iehes €.9g.,

see[Butz et al., 2004Bull, 2005a]f o r di scussions) . T h e-based appraach s m uses
under which each rule maintains a thstamp of the last system cycle upon which it was part of a GA.

The GA is applied within the cume[A] when the average number of system cycles since the last GA in

the set is over a threshaid. If this condition is met, the GA timstamp of each rule is set to the current

system time, two parents are chosen according to their fithness using standardwindettselection, and

their offspring are potentially crossed and mutated, beforggbieserted into the rulebase as described

above

To use RNNas the rules within this system the following scheme is adoftezh of an initial randomly
created ruleds nodes has 2 r mitalyasrhapy nadsls;iagimgd connec

fields | for the given task and its outpuf plus one other, as will be descriheg., Nj,;=I+O+1. The



first connection of each input node is set to the corresponding locus of the input message. The other
connection is assigned at random withia RNN as usual. In this way the current input state is always

considered along with the current state of the RNN itself per network update cycle by such nodes

Matching consists of exating eachrule for T cycles based on the current inptihe value ofT is

typically chosen to be well within the basin of attraction of the RNbddesare initialised randomlyin

this initial study weHknown Boolean problems are explored and hence thereonly two possible

actions, meaning only one output node is rezjuir. An extra fmatchingodo node
RNNs to (potentially) only match specific sets
node, regardless of its output nodeds oexploited, t he
within neural LCS [Bull, 2002]. Thereafter match set and action set processing proceeds as described

above. A cover operator has not been found necessary in the tasks explored here.

Due to theneed for apossible different number of nodesvithin the rulesfor a given task the
representation sefme is of variable length. In this initial studyutation only isusal and applied to the
connectivity mapat ratema s i n  T[RQDH epresentdtmrihe inputsof each node are essentially
concdenated together to form string of length2N,. Typically in LCS, as within GAs, the parameters
controlling the algorithm are global and remain constant over time. However this is not always the case in
evolutionary computing; in Evolution $tegies (ES) [Schwefel, 198], forms of Evolutionary
Programming (Met&P) [Fogelet al., 1991 and in some GAs (e.g., [Back, 1992]), the mutation rate is a
locally evolving entity in itself, i.e., it adapts during the search proddss.first use ofself-adaptive
mutationwas by Reed et al. [1967elf-adaptive mutation not only reduces the number of fiandble
parameters of the evolutionary algorithm, it has also been shown to improve performance (e.g., [Béack,
1992]). The pproach has been used to add adaptivéatiun to LCS [Bull et al., 2000], and to control

other system parameters, such as the learning rate (e.g., [Hurst & Bull, 206 }eslittsdemonstrate

that adaptive parameters can provide improved performance, particularly in dynamic envirori@ents.

each rule has its own mutation ratestored as a real number and initially seeded uniform randomly in
the range [0.0,1.0]. This parameter is passed to its offspring. The offspring then applies its mutation rate
to itself using a Gaussian distributiore.jm= me“®%, before mutating the rest of the rule at the resulting

rate.
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As noted above, this process is also used to enable the number of nodes, i.e., the complexity of the RNN,
to vary to match the task. Eaalie also contains a second mutatiateg, adjusted in the same way as

Once standard mutation is applied, the probabijjtis tested. Upon satisfaction, a new randomly
connected nodénot to inputs)is either added or the last added node is removed. The latter case only
occurs if the mtwork currently consists of more than the initial number of nodibis selfadaptive

growth scheme has previously beenduséthin neural LCS (e.g., [Hurst & Bull, 2006]within GAs

[Bull, 200%0], and ES [Bull, 2008]. Evolving variablength solutions/ia mutation only has previously

been explored a number of times (e.g., [Fegell., 1965][Harvey, 1992]). Whereaaditional GPcan be

seen to primarily relyipon recombination to search the spaicpassible tree sizeslthough the standard

mutationoperator effectively increases or decreases tree size also.

All other GA processingf the LCSis as described above

IMatch

Output

Figure 4: Example rule for a-&put problemwith two extanodesadded fronthetypical initialisation

state(nodes labelled 4 andtere.
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EXPERIMENTATION

Versions of the welknown multiplexer task are used in this papdre§e Boolean functions are defined
for binary strings of length= x + 2“ under which the bits index into the remaining‘ Bits, returningthe
value of the indexed bit. Theorrect classificatioof a randomly generated instamesults in a payoff of

1000, otherwise 0.

Figure 5shows the performance of the RNICS on the &bit multiplexer problem with most parameters
taken from [Bull, 2008]: P=2000, v=10, gga=25, b=0.2, T=100 andN,,; = 8 (6 inputs, one output, one
match node). After [Wilson, 1995],esformance from exploit trials only is recorded (fraction of correct
responses are shown), using apgint running average, averaged over ten runs. It can be seen that
optimal performance iaot reachedand performance levels atound95% after 200,000trails, with the
avera@ error dropping to roughly %0 of the payoff rangeThe mutation and growthates adapt
differently, with a significant level of network size tuning being maintaimedointrast to the standard
monotonicallydecreasing mutation ratdhe continued exploration of network size is appaiarnthe

lower graph in Figure Where a slow but steady increase in average size is seen.

12
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Figure 5: Showing the behaviour of twimput NAND gate nodes on theMUX.

In efforts to improve perfana n ¢ e Turingbés [1948] restriction of or
enable evolution to more fully explore the space of possible progEauh. initial randomly created rule

has a randomly assigned degree of connectKijthere 10K O5. Again, the first connection of each

input node is set to the corresponding lootithe input message and nolketotherkK-1 connections are

assigned at random within the RNN asialsExamination of the underlying dynamics of RNN with

varying K indicates that for a giveN, the time taken to reach adin of attractiondecreases with

increasingK. Figure 6shows the case fd¥=5000 (compare to Figure 3)he number of isolated nodes

which remain unchanging at equilibrium for I0\wdecreases with areasingK also(not shown).
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Figure 6: Showing the average fraction of tvimput NAND gate nodes which change state per update

cycle of random Atype unorganised machines with variduandN=500Q

Figure 7shows a significant decrease in the time tateereach maximal performance under this scheme

but the final performance is the same at around 95%. The average error and mutation raeg are v

similar to those in Figure But there is a slight decrease in the sustained level of network size mutation,

along with a corresponding reduction time average size of networks. It is interesting to note that the

average connectivig onver ges to around 2, i, bt the vaiability im T ur i ng¢

connectivity obviously aids evolutioiThis pint is returned to in the next Section.

In the aforementioned work on evolving CAs, the global behaviour of the lattice is typically used to

determine the output of the discrete dynamical system. The same approach has also been explored here

such thaff a fraction of node$§ within the givenruleareinstatt 06, t he rule is said to
i nput and advocate actiohofrb@eéne Cohnstrtatsel gl1ojfthader
match and advocate acti on 6 1match tba chreent mpubrelerthih e r ul e i
schemea\,,; = I. f = 0.75 is used her&lowever, the results in FiguresBiggest that this is less beneficial

to the evolutionary process with performance dropping to around @&¥terally he same results are

seen whae usingthe K-input gate scheme described ab@lthough it gives a slight improvement in

performance to around 80% (not shown).
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Figure 7: Showing the behaviour ¢€-input NAND gate nodes on theNdUX.
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RNN - Network output
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Figure 8: Showing the behaviour of twimput NAND gate nodes on theMUX where a percentage of

global network state is used to determine the output.

RNN can be viewed as a form of disordered CA since they are homogeneous in their node function but

heterogeneous in their connectivity. As notedvah@ipper [1997] has reported improved performance

over the evolution of standard CAs on a number of Aetiwn tasks by enabling the potential for

heterogeneity i

n

t he node

functi

on

wh i

st

ma i

nt ai

resuls suggest that node homogeneity can reduce evolvability in discrete dynamical systems (see

[Wagner & Altenberg, 1996] for general discussions of evolvability). The use of heterogeneity in the

nodes is now explored.
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RANDOM BOOLEAN NETWORKS

The discete dynaical systems known aamdom Booleametworks (RBN)were originally introduced

by Kauffman [1969]to explore aspects of biological genetic regulatoryvoets Since then they have

been used as a tool in a wide range of areas such asgatiisation [a)., Kauffman, 1993], computation

[e.g., Mesot & Teuscher, 20Dpand robotics [e.g., Qick et al., 2003]An RBN typically consists o&

network ofN nodes each performing a Boolean functiaith K inputs fromothernodes in the network,

all updatingsynchonowsly. As s uc h, RBN may be viewed dpe a gener
unorganised machines which used only the NAND Boolean funetitmnK=2. Tur i ngés paper was
published until 188 [Turing, 1968]so it is perhaps not too surprising that Kauffntid not originally

discuss his work although no connection hasdremade subsequently either, excegiguscher, 2002

It is well-established that the value &f affects the emergent behaviour of RBN wherein attractors
typically contain an increagjnnumber of statesvith increasingK. Three phases dbehaviour are
suggested: orderaghenK=1, with attractors consisting ohe or afew states; chaotic whd{>3, with a

very large numbers of states per attractor; and, a critical regime aksuhdwhere similar states lie on
trajectories that tend to neither diverge nor convergebatt of nodes changsae perattractorcycle

(see [Kauffman, 193] for discussionsof this critical regime e.g., with respect to perturbations
Analytical methods havieeen presented by which to determine the typical time taken to reach a basin of
attraction and the number of states within such basins for a given degree of conné&cigity.,

Kauffman, 1993].

A very small number of studies have considered multiplepleduRBN (e.g., [Hung et al., 2006][Bull &

Alonso-Sanz, 2008]) but no previous consideration of ensemble scenarios, as here, are known.

Previously, Van den Broeck and Kawai [1990] explored the use of a simulated antygadirapproach
to design feedforwar RBN for the foutbit parity problemLemke et al. [2001] have evolved fixed RBN
of fixed N andK to match an arbitrary attractdvlore closely akin to the work described here, Kauffman
[1993, p.223] describethe use of simulated evolution to design RBNich must play amis)matching
gamewherein mutatioris used to change connectivity, the Boolean functihandN. He reports the

typical emergence of higfitness solutions withK=2 to 3 together with an increase M over the
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