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Abstract. Many representationisave beerpresentedo enable the effective evolution

of computer programs. Turing wagerhapsthe first to present a general scheme by
which to achieve this end. Significantly, Turing proposed a form of discrete dynamical
system and yet dynamical representatiomgaia almost unexplored within genetic
programming. This paper presents results from anti@hi investigaton into using
Turing®s representatioideaswithin a Learning Classifier Sysm. It is shown possible

to evolveensembls of dynamical Boolearfunction networksto solveversions ofthe
well-knownmultiplexer problem with a modification to Turiégoriginal scheme

1. Introduction

I n 1948, Al an Turing produced a paper entitl e
he highlighted evolutionary search as a possible means by which to program
machines angresentedsimple schemes fowhat are now known asupervised and
reinforcement larning €.g., see [Copeland, 2004] for an overviev@ignificantly,
Turingalsopr esented a formalism hebytwhichrled fAunorgani
represent intelligencewnithin computers. These consisted of two typestype
unaganised machines, which meecomposedf two-input NAND gates randomly
connected into networkgFigure 1) and, Btype unorganised machimewhich
includedan extratriplet of NAND gateson the arcs between the NAND gates of A
type machines by which to affect their behaviour in sesuped learnindike scheme
through theconstantapplication ofappropriateextrainputs to the networkFigure 2
see [Copeland, 2004] for detail$h both cases, each node updates in parallel on a
discrete time stepith the output from each node airig at the input of the node(s)
on each connection for the next time stdme structure of Bype unorganised
machines is very much like an artificial neural network with recurrent connections
and hence it iperhapssurprising that Turing made no refecento McCulloch and
P i t[1943fprior seminal paper on networks of binahresholded nodegslowever,
Turingds scheme extended McCulloch and Pittsd w
training of such networks with his-§pe architectureThis haded © theiralsobeing
knownTuarsi nig 6 s c¢ dCopelrdt&iPmudioat, mI3D6Teuscher [202]
has highlightedhow Turi ngds unorgani sed machi nes ar e
dynamical systems and therefore have the potential to exhibit complex behaviour



despite their construction from simple elemefithe current work aims to exploit this
potential through the use of evolutionary computation, what is herein termed
fidynamical genetic programmiagDGP). Since Btype unorganised machines were
introduced as &orm of supervised leaen they are not consideréérei only A-type
machines are explored. As will be seen, despite ttiear universal computational
capabilities, such machines appear sohswdifficult to construcfor a weltknown

task using the mthods employed. Aelaxation in their constituent componeigs
thereafter shown to greatly addolvability.

A number of representations have been presented by which to enable the
evolution of computerprograms, the most common being thesed LISP S
expressionge.g., [Fujiki & Dickinson, 1987]Koza, 1989]. Other forms of Genetic
Programming (GP) [Koza, 1992] includlee use ofmachine code instructions (e.g.,
[Friedberg, 1958Ray, 1992][Banzhaf199]), finite state machines [Fogel et al.,
1969, Boolean expressions [Forsyth, 19&jd, most revant to the form of GP
explored here, grapbased representations (e.g., [TelkrVeloso, 1996][Miller,

1999] [Poli, 1999), particularly Tellerand Velosés [1996]fineur al programmi ngo
(NP). They used directed graph of connected nodes such that recursive connections

are included and the temporal behaviour of the parallel executed program may be

exploited.The scheme inveggiated here builds oNP and makea direct connection

to dynamical systems in general for GR can be noted that Schmidt and Lipson

[2007] have recently demonstrated a number of benefits from graph encodings over

traditional tees.

2. Evolving Discrete Dynamical Systems

The most commoiform of discrete dynamical system is the Cellular Automaton
(CA) [von Neumann, 1966}hich consists ofin array of cells or a lattice of nodes
where the cells exist in states from a finite set and update their states in parallel in
discrete time. Traditionally, each cell calculates its next state depending upon its
current state and the ta of its closest neighbouBackard [1988] was the first to
use evolutionary computing techniques to design CAs such that they exhibit a given
emergent global belviour. Following PackardMitchell et al. (e.g., [1993]have
investigated the use of a @atic Algorithm (GA) [Holland, 1975] to learn the rules of
uniformoned i mensi onal , bi nary Cha&A protigcesithe Packar dos
entries in the update table used by each cell, candidate solutions being evaluated with
regard to their degree of sess for the given taslt density and synchronization.
Sapin et al. (e.g., [2003]) have used the approach to discover novel moving structures
-fA gl i dwithirstavo-dimensional CAsAndre et al. [1999] epeated Mitchell et
al . 6 s waosingtraditional GRtd evolvethe update rules. They report similar
results. Sipper (e.g., [1997]) presented a-noiform, or heterogeneous, approach to
evolving CAs. Each cell of a oner two-dimensional CA is also viewed as a GA
population member, mating only witits lattice neighbours and receiving an
i ndividual fitness. He shows an increase in per:
exploiting the potential for spatial heterogeneity in the tadkere recently, a



variation of this approach has been used tostranot simple chemical logic gates
within a nonlinear reaction (e.g., [Toth et al., 2008]).

In this paper the general approach of evolving a collection of coupledamibk
update in paralleto exhibit a desired behavioisr extended to the case ofrfieming
an arbitrary computation as the emergent phenomenat.ighthe aim is to design
such a system gbat its dynamical behaviour iirectly interpretable asomputation.

It can also be rted that dynamical systems representway in which to view
cognitionin generale.g., [Ashby, 1957Port & van Gelder, 1995]).

Fig. 1: A-type unorganised machine consisting of four-imput NAND gates.

Fig. 2: B-type unorganised machine consisting of four-imjput NAND gates. Each

connectingarc contains athree NANDgee fAi nt er f er ethat externaimpoth ani sm s o
such as S1 and S2 can be #&pto affect overall behaviour, i.e., a form of supervised learning.

3. Evolving Unorganised Machines

A-type unorganised machines have a finite neindd possible states and they are
deterministic, hence such networks eventually fall into a basin of attradtimimg
[1948] was aware that his -fype unorganised machinesould have periodic
behaviour anche stated thasincethey represenfi a b o u simplésh reodel of a



nervous system with a random arrangement of nearons t b&fofuwérgdgreat

interest to find out somet hing about their beh
fraction of nodes which change state per updatdecfar 100 randomly ciated

networks each started from a random initial configuration, for various numbers of

nodesN. As can be seen, the time taken to equilibriuttyjscally around 1Q@ycles

with all nodes changing state on each cycle thereafter, i.e., oscillating. RonaHer

networks N=5, N=50), some nodes remain unchanging at equilibriowever; with

smaller networks, the probability of nodes being isolated is sufficient that the basin of

attraction containa degree of node stasis.
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Fig. 3: Showing the averagedtction of tweinput NAND gate nodes which change state per
update cycle of random-fype urorganised machinegith various numbers of nodés

Previously, Teuscher [2002] has explored the use of evolutionary computing to
design both Atype and Btype unaganised machines, together with new variants of
the latter. In hisimplestencoding, an Aype machine is representbd a string ofN
pairs ofintegers eachintegerrepresenting the node number within the network from
which thatNAND gate node receivesan input Turing [1948] did not explicitly
demonstrate how inputs and outputs were to be detechfor Atype unorganised
machine. Teuscher [2002] usddinput nodes fol possible inputs, each of which
receive the external inpanly andare then conred to any of the nodes within the
networkas usual connectionkle then allows fo© outputsfrom anywhere within the
network Thus his scheme depargtightly f r om T u r i-typg @rsorgahised B
machines since Turing there showed itlfgut nodes receing the external input and
an input fromarother nodewithin the network (Figure 2)Teuscheruses his own
scheme for all of his work on unorganised machimgsch may beviewed as directly
analogoudo specifyingthe source of inputs via a terminal setriaditional treebased
GP. The significance of thid i f f er ence is not explored here but
is used throughout.

Teuschewused a GA to desigsingle A-type unorganised machinés bitstream
regeneration tasks and simple patterngifecstion. In theformer case, the size of the
networls, i.e., the number of nodes, was increased by one after every 30,000



generations until a solutiomas found. That jsan epochal approach was exploited to
tackle the issue ofiot knowing how complex m A-type unorganised machineill

need to be for a given tadhk this paper, parameter selflaptation is used to enable

the solution size to emerge during the course of evolution via a mutation operator.
Further, a Learning Classifier System (LCS) [Hoa1976] is used as the underlying
architecture. In particular, LCS evolve an ensemble of solutions to a tisk(see
[Drugowitsch, 2008] for discussions) wherein divisions of the problem space emerge
along with their solutionTo date, no temporallyythamic representation scheme has
been used within LCS. A number of representations have previously been presented
beyond the traditional binary scheme however, including integers [Wiksi§H], real
numbers [Wilson, 2000], Lisp-8xpressionge.g.,[Ahluwalia & Bull, 1999]Lanzi &
Perruccj 1999]) fuzzy logic [Venzuel&Rendon, 1991] and neural networks [Bull,
2002]. Thus this paper also represents an initial study into the use of simple forms of
dynamical system within LCSHereafter A-type unorganised nchines will be
referredto by the more descriptive labeindom NAND rtworks (RNN)

4. Unorganised Machinesn a L earning Classifier System

In this papera version of the simple accurabgsed LCS termed YCS [Bull,
200 -which is a deri vat isonel995]fis udd¥GSoim6s XCS [ Wi |
without internal memory and maintains a rulebasd dhitially randomly created
rules. Associated with each rule is a predicted payoff vaiye & scalar which
indicates the erroref in the rul eds p mate ofthe avdragp ay of f and a
size of the niches (action setsee below) in which that rule participates.(The
initial random population has these parameters initialized, somewhat arbitrarily, to 10.
On receipt of an input message, the rulebase is scanngédargnrule whose
condition matches the message at each position is tagged as a member of the current
match set [M]. An action is then chosen from those proposed by the members of the
match set and all rules proposing the selected action form an act[éy. #etversion
of XCSdés explore/exploit action selection schem
cycle an action is chosen at random and on the following the action with the highest
average payoff is chosen deterministically.
The simplest case of immetka payoff reward R is considered here.
Reinforcement in YCS consists of updating the error, the niche size estimate and then
the payoff estimate of each member of the current [A] using the Withaffvdelta
rule with learning raté:

§Y g+b(R-pl-e) (1)
s;Y sj+b([[All-s) )
pY p+b(R-p) 3)

The original YCS employs two discovery mechanisms, a panmictic (standard
global) GA and a covering operator. On each tigtep there is a probabilityof GA
invocation. The GAuses roulette wheel selection to determine two parent rules based
on the inverse of their error:



fi=(1/€'+1)) (4)

Here the exponent enables control of the fithess pressure within the system by
facilitating tuneable fithess separationder fithess proportionate selection (see [Bull,
2005 for discussions). Offspring are produced via mutation (probalifjtyand
crossover (single point with probability , i nher i ting the parentsd par e
their average if crossover is indk Replacement of existing members of the
rulebase uses roulette wheel selection based on estimated niche size. If no rules match
on a given time step, then a covering operator is used which creates a rule with the
message as its condition and a randorioac which then replaces an existing
member of the rulebase in the usual way. Parameter updating and the GA are not used
on exploit trials.

In this paper, to aid the generalization process, the panmictic GA is altered to
operate within nichese(g.,see[Butz et al., 2004Bull, 2005a]for discussions). The
me chani sm u s-kased ¥ppr&ohsunderiwhieh each rule maintains a time
stamp of the last system cycle upon which it was part of a GA. The GA is applied
within the current [A] when the averagamber of system cycles since the last GA in
the set is over a threshotiga. If this condition is met, the GA timstamp of each
rule is set to the current system time, two parents are chosen according to their fithess
using standard rouleti@heel selection, and their offspring are potentially crossed and
mutated, before begninserted into the rulebase as described above

To use RNNas the rules within this system the following scheme is adopted. Each

initial randomly created rufe #odehas tworandomly assignedonnections There
are as many nodééas input fieldd for the given task ands outputsO, i.e.,N=I1+O.
The first connection of eadhput node is set to the correspondilegusof the input
message. The otheonnection isassigned at random within the RNd$ usual. In this
way the current input state is alwaysnsidered along with the cunestate of the
RNN itself per network update cycly such nodes

Matching consists of exeting eactrule for T cycles based on the current input.
The value ofT is typically chosen to be well within the basin of attractainthe
RNN. Nodes are initialised randomlyIn this initial study welknown Boolean
problems are explored and hence tham only two possible actions, meaning only

one output node is required. An extra fmatchin
RNNs to(potentially) only match specific sets of input. If a given RNN has a logical
616 on the match node, regardless of its output

This scheme has also been exploited within neural LCS [Bull, 2002]. Thereafter
match seand action set processing proceeds as described above. A cover operator has
not been found necessary in the tasks explored here.

Due to theneed for gpossibledifferent number of nodewithin the rulesfor a
given task the representation scheme is afigble length. Hence mutation only is
used here and applied to the connectivity mapatem as i n TRQ@23]cher 6s
representationthe inputsof each node are essentially conoated together to form a
string of length2N;. Typically in LCS, as wittm GAs, the parameters controlling the
algorithm are global and remain constant over time. However this is not always the
case in evolutionary computing; in Evolution &#gies(ES) [Schwefel, 198], forms
of Evolutionary Programming (MetaP) [Fogelet al, 1997 and in some GAs (e.g.,



[Back, 1992]), the mutation rate is a locally evolving entity in itself, i.e., it adapts
during the search procesghe first use okelfadaptive mutationvas by Reed et al.
[1967]. Self-adaptive mutation not only reducebet number of hanrtunable
parameters of the evolutionary algorithm, it has also been shown to improve
performance (e.g., [Back, 1992]). Th@psoach has been used to add adaptive
mutation to LCS [Bull et al., 2000], and to control other system parameteris,as
the learning rate (e.g., [Hurst & Bull, 2001]). & mesultsdemonstrate that adaptive
parameters can provide improved performance, particularly in dynamic environments.
Here ach rule has its own mutation rate stored as a real number and inigial
seeded uniform randomly in the range [0.0,1.0]. This parameter is passed to its
offspring. The offspring then applies its mutation rate to itself using a Gaussian
distribution, i.e.m= me"®¥, before mutating the rest of the rule at the resultitg
by re-assigning the connections loci

As noted above, this process is also used to enable the number of nodes, i.e., the
complexity of the RNN, to vary to match the task. Eadle also contains a second
mutation ratey, adjusted in the same way@sOnce standard mutation is applied, the
probability g is tested. Upon satisfaction, a new randomly connected node is either
added or the last added node is removed. The latter case only occurs if the network
currently conssts of more than the initial number of nod€kis selfadaptive growth
scheme has previously been dissithin neural LCS (e.g., [Hurst & Bull, 2006]
within GAs [Bull, 200%], and ES [Bull, 2008]. Evolving variablength solutions
via mutation only hagpreviously been explored a number of times (e.g., [Fegal.,
1965][Harvey, 1992]). Whereasatitional GPcan be seen to primarily relypon
recombination to search the spack pmssible tree sizesalthough the standard
mutation operator effectivelycreases or decreases tree size also.

All other GA processingf the LCSis as described above

5. Experimentation

Versions of the welknown multiplexer task are used in this paper. These Boolean
functions are defined for binary strings of length x + 2* under which thex bits
index into the remaining*its, returning the value of the indexed bit. A correct
classification results in a payoff of 1000, otherwise 0.

Figure 4shows the performance tife RNNLCS on the ébit multiplexer problem
with most paameters taken from [Bull, 20@p P=2000,v=10, gea=25, b=0.2 T=100
and N,y = 8 (6 inputs, one output, one atmh node) After [Wilson, 1995],
performance from exploit trials only is recorded (fraction of correct responses are
shown), using a 5foint rnning average, averaged over ten runs. It can be seen that
optimal performance isot reachedand performance levels around 95% after
200,000trails, with the avesge error dropping to roughly 20 of the payoff range.
The mutation and growthates adaptlifferently, with a significant level of network
size tuning being maintained icontrast to the standard monotonicalkcreasing
mutation rate.The continued exploration of network size is apparent in the lower
graph in Figure 4 where a slow but steattyrease in average size is seen.
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Fig. 4: Showing the behaviour of twimput NAND gate nodes on theMUX.

I n efforts to improve performance, Turing6s
per node was relaxed to enable evolution to more fully explerespace of possible
programs.Each initial randomly created rule has a randomly assigned degree of
connectivityK, here1a<O 5Again, he first connection of each input node is set to the
corresponding locusf the input message and nohetotherK-1 connections are
assigned at random within the RNN asuals Examination of the underlying
dynamics of RNN with varying( indicates that for a giveN, the time taken to reach
a kasin of attractiomlecreases with increasikg Figure 5 shows the case f§=5000
(compare to Figure 3)The number of isolated nodes which remain unchanging at
equilibrium for lowN decreases with incasingK also(not shown).
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Fig. 5: Showing the average fraction of tirgput NAND gate nodes which change state per
update cycle of random-fype unorganised machines with varidutandN=500Q

Figure 6 shows a significant decrease in the time takerre@mch maximal
performance under this scheme but the final performance is the same at around 95%.
The average error and mutation rates are very similar to those in Figure 4 but there is
a slight decrease in the sustained level of network size mutationg alih a
corresponding reduction ithe average size of networks. It is interesting to note that
theaverage connectivity quickly converges to aro
scheme. This point is returned to in the next Section.
In the aforementined work on evolving CAs, the global behaviour of the lattice is
typically used to determine the output of the discrete dynamical system. The same
approach has also been explored here suchiftiafraction of noded within the

given rule have been lagia | 606, the rule is said to match
advocate action 006.fof n@esmavee risne Isyt,atief Otlhbe, ftrhaec trit
said to match and advocate action 61606. Ot her wi s
current inputUnder ths schemeN,,; = |. f = 0.75 is used herélowever, the results

in Figure 7 suggest that this is less beneficial to the evolutionary process with
performance dropping to around 70@&enerally he same results are seen when using
the K-input gate scheme deribed abovelthough it gives a slight improvement in
performance to around 80% (not shown).

RNN can be viewed as a form of disordered CA since they are homogeneous in
their node function but heterogeneous in their connectivity noted above, Sipper
[1997] has reported improved performance over the evolution of standard CAs on a
number of weHknown tasks by enabling the potential for heterogeneity in the node
function whilst maintaining homogeneity in connectivifly h a t i s, Sipperds resu
suggest thanodehomogeneitycan reducevolvability in discrete dynamical systems
(see [Wagner & Altenberg, 1996] fgeneraldiscussions of evolvability)The use of
heterogeneity in the nodés now explored.
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6. Random Boolean Networks

The discete dynamical systems known asndom Booleametworks (RBN)were

originally introducedby Kauffman [1969]to explore aspects of biological genetic
regulatory naworks Since then they have been usedhaool in a wide range of areas

such as selbrganisation [e.g., Kauffman, 1993], computatifmg., Mesot &
Teuscher, 200%androbotics [e.g., Qick et al., 2003]An RBN typically consists of
a network ofN nodes each performing a Boolean functianth K inputs fromother

nodes in the network, all updatisgnchronosly. As such, RBN may be viewed as a
general i zat i-type umrani3ed machingsdwhichAised only the NAND

Boolean functionwith K=2. Tur i ngo6s

1968]so it is perhaps not too surprising that Kauffman did not origirdifiguss his

paper

wa s68 [mupirtg,

published

u



work - although no connection has dre made subsequently either, except in
[Teuscher, 2002].
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Fig. 7: Showing the behaviour fvo-input NAND gate nodes athe 6MUX where a
percentage of global network state isdiso determine the output

It is well-established that the value kfaffects the emergent behaviour of RBN
wherein attractors typically contain an increasing number of statesncreasingK.
Three phases obehaviour are suggested: orderadhen K=1, with attractors
consisting ofone or afew states; chaotic wheld>3, with a very large numbers of
states per attractor; and, a critical regime arokr@, where similar states lie on
trajectoriestiat tend to neither diverge nor converge &rib% of nodes changaae
per attractorcycle (see [Kauffman, 193] for discussion®f this critical regimee.g.,
with respect to perturbatiopsTraditional RBN have welstudied temporal behaviour
and analtical methods have been presented by which to determine the typical time



taken to reach a basin of attraction and the number of states within such basins for a
given degree of connectivitg [e.g., Kauffman, 1993].
A very small number of studies have calesed multiple, coupled RBN (e.g.,
[Hung et al., 2006][Bull & AlonseSanz, 2008]) but no previous consideration of
ensemble scenarios, as here, are known.
Previously, Van den Broeck and Kawai [1990] explored the use of a simulated
annealingtype approachat design feedforward RBN for the fobit parity problem.
Lemke et al. [2001] have evolved fixed RBN of fixsdandK to match an arbitrary
attractor.More closely akin to the work described here, Kauffman [1993, p.223]
describesthe use of simulated evdion to design RBN whichmust play a
(mis)matching gamewherein mutatioris used to change connectivity, the Boolean
functions,K and N. He reports the typical emergence of hfghess solutions with
K=2 to 3 together with an increase Mover the initalised sizevhi ch fisuggests that,
typically, |l arger, more complex networks can sol
The representation scheme describbdvefor RNN is hereaugmented with a
binary string associated with each nolg which its Boolea logic function is
defined. Since each rule has a giv¥ewalue, each node maintains a binary string of
length £ which forms the entries in the loalp table for each of the possibl&igiput
states of that node, i . e edworksenevoningass kar ddéds [ 198
for example. These strings are subjected to mutation on reproduction at the self
adapting ratenfor that rule Hence, within the RBN representation, evolution can
define different Boolean functions for each node within a givewaor&t rule along
with its connectivity map.

7. RBN Experimentation

Figure 8 shows the performance dhe RBN-LCS on the ébit multiplexer
problem withsame parameters and -sgt as in Figure 4P=2000, v=10, qca=25,
b=0.2,T=100 andN;,; = 8 (6 inputs, onewput, one match nodelt can be seen that
a near optimal solution iearnt around 30,000 trials with optimality seen around trial
70,000.The average degree of connectiityonverges to around Re., connectivity
evolvesto the aforementioned critical regime identified for RBN in general. This
behaviour was also seen with the RNN esgntation in Figure 6 and indicates that
the evolutionary process is able to quickly identify an appropriate typical topology
with which to generate complex behaviour, i.e., in this case a computdtien.
averageerror and mutation rates drop quickly, with the growth mutation dropping
more slowly and a correspondistight amount of growths seen.

Figure 9 shows the performance of the system wheméhgorklevel output is
used, as in Figure 7. It can be seen tpimal performance is reached aro@ij000
trails, with the aerage error dropping to almost zero, alavith the mutation rate
Same size mutation is maintainedtiithe average number of nadeemains around 6
after an initial growth periad

Thus in both cases, the RBN representation has enabled the system to perform
optimally which is a significant improvement over the pure NAND gate
representation of Turirdg scheme for the given parameters gederalsetup wsed



here Future extensions will consider a variety of other tasks to seegemaraltthese
findings are, although, as noted, these results agree with those of Sipper [1997] for a
related scenario; heterogeneity appears to aid evitityafor such systems.
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Fig. 8: Showing the behaviour of the RBN repgatationon the 6MUX task



Fig. 9: Showing the behaviour of the RBN representation on #WRJ& where a percentage of
global network state is used to determine the output.

8. Conclusions

Sixty years after Turimd s s emi nal woyk yaad salamo et
presentation of RBN, this paper has explored discrete Boolean forms of dynamical
GP. In particular,a form of LCS hasbeen presentedin with which to design
ensembles of dynamical genetic prograthdrasherebeen shown that elidionary
search is able to design ensemlitest collectively solve a computational task under
the reinforcement learningcheme of LS. It can be noted that Forrest and Miller
[1989] used RBN to model the internal rule chaining of traditional LCS.
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